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We proposed an action of neutral fermions interacting with external electromagnetic fields, to 
construct the effective topological field theory of 3 + 1 dimensional topological insulators by integrating 
' out the fermionic fields in the related path integral. These neutral quasiparticles are assumed to emerge 
from the collective behavior of the original physical particles and holes which establish the features of 
' ■^ . the space-time on which the theory is defined. 
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^ ; 1 Introduction 

| Topological field theories by definition do not depend on the local features of the space-time in which 
they are defined. They appear in condensed matter physics as effective theories of quantum matter like 
topological insulators which are usually defined to be ordinary insulators in the bulk but conducting 
at the surface of the material (for a review see pQ) . The material is under the influence of external 
electromagnetic fields. In the low energy limit, 3+1 dimensional topological insulators subject to 
electromagnetic fields given by the gauge fields A^; fi = 0,1,2,3, are effectively described by the 
action (h = c = 1), 

S 3D = ^J d*x e^d^A u d p A a . (1) 

It is topological in the sense that the metric tensor of the related space-time manifold does not appear 
in the action and there is no local excitations. Properties of the underlying space-time should be fixed 
by additional information about the adopted microscopic model of topological insulators. For compact 
space-time manifolds by choosing 9 = ±(2n + 1)tt; n = 0, 1, ■ • ■ , (pQ) describes the main features of the 
time reversal invariant topological insulators in 3 + 1 dimensions [2]. In particle physics ([I]) is known 
as the topological term for the 9- vacuum [31 H]. 

One of the models which gives rise to the action ([I]) is obtained through a dimensional reduction 
from the 4 + 1 dimensional Dirac theory [2] . One considers the relativistic electrons interacting with 
the external gauge fields A^, as well as with the scalar field O(x) described by 

£ 3 +l(*, A) = ni^(d^ - ieA^) + 7 4 (A;4 + 0) - m]#. (2) 
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Here, is a constant and we consider electrons of charge e > 0. 74 is one of the gamma matrices 
introduced in 4 + 1 dimensions and Q(x) is the reminiscent of the gauge field A±{x). Integrating out 
the fermionic fields ^ in the path integral of ([2]), yields the effective action (2j [5] 

Sa = -^J d ' x ^V vpCT d^A v d p A a . (3) 

is known in particle physics as axion field (for a review see [6]). For a uniform and constant 
axion field 9 = 9, © leads to ©. 

The topological field theory action ([1]) is also related to the phase of mass term of quarks through 
the axial anomaly [7] (for a recent discussion see [8]). One deals with the fermionic fields with negative 
mass described by the Lagrangian density 

Cmd = 4>M [i^i^n ~ ieA^) - exp(-i7r)M] tp M - 

In terms of axial transformations one can obtain a positive mass term. Thus, integrating out the 
^Mi^m fields in the path integral, with an appropriate renormalization procedure, one obtains the 
action ([1]) for 6 = ir. 

We would like to present another strictly 3 + 1 dimensional model which leads to ([1]). We will 
introduce an action of neutral fermionic quasiparticles and show that by integrating out these fermionic 
fields one can obtain ([I]) through a renormalization procedure. These neutral fermions are not the 
fundamental particles but arise as excitations made of particle and hole (antiparticle) solutions of the 
underlying Dirac theory of electrons. On the same footing we can discuss the fractional topological 
insulators [9]. It will be shown that our approach can also be generalized to derive the BF type theory 
which was proposed to describe topological insulators in [10J. 

How to construct these neutral fermions from the underlying charged particles is not known. 
However, neutral fermion excitations have already been appeared in the study of the Hall effect for 
even filling fractions ]\\\ I12j. Moreover, neutral Dirac fermions composed of two Majorana fermions 
arise in systems composed of topological, magnetic and superconducting insulators |13j . 



2 Effective field theory of topological insulators 

In topological insulators the physical constituents are electrons denoted ip e . They interact with external 
electromagnetic fields according to the Dirac Lagrangian density 

C D = ij e [i^idf, - ieA^) -m]ip e . (4) 

On-shell states satisfy the Dirac equation. As is well known, there are negative energy solutions of the 
Dirac equation describing positive charged particles which can be interpreted as holes. Hence, when 
we deal with the excitations of the Dirac particles we may consider particles of both sign. They can 
be tight together to form neutral degrees of freedom. Let us assume that in the bulk of topological 
insulator effectively there are neutral fermions. This guarantees that there is no electrical transport in 
the bulk, which is the basic property of an insulator. Obviously, neutral fermions couple to external 
electromagnetic fields due to their electric and magnetic dipole moments whose interaction terms 
covariantly given by <j^ u F^ u and u^ iV F pu , where 

F lw = 8 ll A v -d v A ll - 1 ^ = 1^,71; Ts^tVtV- 

We propose that inside a topological insulator these neutral fermions are described by the Lagrangian 
density 



C{^,^,F) = ^ 



i>, (5) 
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where a is a constant. In the related path integral one can integrate out the fermions to derive the 
effective action of the electromagnetic field strengths S[F]: 



exp(iS[F]) = J ##exp (i J d 4 xC(^, ip, F) 



Formally, the effective action can be written as 

S[F] = -;indet[i 7 M d M + ^ea(l - ij^a^F^ - m]. (6) 

As usual, it is preferable to work in the momentum space. One of the terms which §§§ generates is 

d^k\ d 4 k2 



(2vr) 4 (2tt)' 



rF^k^Fp^Tr^ih^ih - k 2 ). (7) 



We deal with the low energy limit where momentum of the external legs of the related Feynman 
diagram vanishes. In this limit ([7]) can be taken as the effective action. At the one loop level ir^ vpc {k) 
can be written as 

(2tt) 4 [{ 2 { 
where the Feynman propagator is defined as 



= te 2 J j^yM^i 1 ~ h 5 )^ u S F ( P ))(^(l - ij 5 )a^S F (p - k)% (8) 



Using the properties of Dirac matrices in 3 + 1 dimensions, one can show that ([8j) reduces to two 
terms: 

TT^(k) = E^ P<T (k) + W Wp<7 (k), (9) 

which are defined as 



& vpa (k) = ^e 2 a 2 J 



d A p Pa (p- k)ptr{[<f,>f]T«[>f,<f]'V /i 



(2vr) 4 (p 2 - m 2 )((p - k) 2 - m?) 

1 2 2^2 f d A p tr{[ 7 ^,7l[7 p ,7l7 5 } 

(2vr) 4 (p 2 - m 2 ){(p - k) 2 - m 2 )' 



T,^ vpa {k) is quadratically divergent. In the low energy limit (k — > 0) it can be regularized within the 
dimensional regularization scheme. Indeed, in 4 — e dimensions we can perform the related integral 
as [H] 

f d 4 p PaP/3 -j rj af ) +f/9 ul r l+ £ /2 

J (2vr) 4 (p 2 - m 2 ) 2 (An) 2 -"/ 2 2 { ^ 1 A m 2 > 

where rj a p is the metric tensor and T(x) is the gamma function. However, the multiplicative trace 
term can be seen to vanish: 

^tr{[ 7 ^, 7 H7 Q [7 p ,7' J ]7 /3 } = 0. 

Thus after regularization we set 

S^ CT (0) = 0. 

The other term in ([9]) is topological, i.e. it is independent of the space-time metric rw. In terms 
of the totally antisymmetric tensor e pvp(T originated from 

trlyvVY^ 5 } = -^ flupa , 
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it can be expressed as 

n^(fc) = e 2 m 2 a 2 e^ pa I(k). 
We denned ^ 

J ^ = / (2vr) 4 ((p2 - m 2 )((p - A:) 2 - m 2 )' ^ 

whose integrand is spherically symmetric in the low energy limit (A; — > 0). The integral is logarithmi- 
cally divergent which can be dimensionally regularized. To calculate (|10|) in d dimensions we introduce 
the parameter /i having the dimension of mass such that the integral 

remains dimensionless. Calculation of 1(0) in d dimensions leads to 



I(0) = -±-T(2-d/2)(^f- d l 2 . 



4ir d / 2 m 

Setting d = 4 — e the finite and infinite parts in the e — > limit, are separated as 



J (°) = 1TX2 (- + ln (4) + ln ( 47r ) " ^ + •••)• 



7 is the Euler-Mascheroni constant. The bare coupling constant a, or the mass m, can be renormalized 
with the divergent constant Z to introduce the finite parameter Op as 



,2. ,2,,,,, Of 



Zm A a z I(0) 



32vr 2 ' 



As it is usual in the renormalization theory, the value of Of will be fixed in terms of the "experimentally 
measured quantities." We conclude that 

HVp<T(n.\ _ e OF uufXT 

V ' 32vr 2 ' 

Therefore, in the low energy limit the renormalized effective action is 

S[F] = d*xe^F, u (x)F pa (x). (12) 

It is the same with the action ([T]) for Of = 0. 

Properties of the space-time on which the theory is defined should be dictated by the physical 
arguments. We assume that the neutral quasiparticle of the initial Lagrangian density ([!]) is composed 
of the original particles and holes. For topological insulators the physical particles are the electrons 
minimally coupled to the gauge fields as given in ([4]). Then, there are some configurations which 
are consistent with periodic space-time yielding the quantization condition 



e 2 
32^ 2 



d 4 x E^F^Fpe = N, (13) 



where N is an integer. Thus the partition functions for Op = ±(2n + l)vr; n = 0, 1, ■ • • , are the same, 
so that the theory is time reversal invariant. 
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Obviously, there is no a priori given condition for the space-time structure of the topological 
field theory action (fT2|) . We may choose the space-time to be periodic but yielding the quantization 
condition 



32?r 2 



NfN, 



(14) 



where Nf is an odd integer. Then, we set dp = ±(2n + l)ir/Nf, n = 0, 1, • • • , which defines the time 
reversal invariant fractional topological insulator [9], I15|, [T6] . In this case, as in [9], the partons denoted 
tpp, whose electromagnetic interaction Lagrangian density is given by 



N 



m 



f 



can be chosen as the physical particles in the bulk of the fractional topological insulator. They possess 
the electric charge e/Nj, so that the quantization condition (|14p is justified. 



3 BF theory description of topological insulators 

Another effective field theory approach to describe the 3 + 1 dimensional time reversal invariant 
topological insulators was proposed in [10]. In addition to the electromagnetic gauge field A^, they 
introduced the auxiliary fields a p , b pa which are Abelian vector and antisymmetric tensor fields. It 
is argued that the time reversal invariant 3 + 1 dimensional topological insulator is described by the 
BF type effective field theory given by 

Cbf = ^ vpa ^d v b p(J + ^e^A^bpv + Ce^d p a u d p A a , (15) 

where C is a constant parameter. To fix the value of it as C = ±e 2 /87r, the gauge charge lattice was 
specified as an additional information. Thus, integrating out a p and b pa fields in the related path 
integral yields 

S 3D = ±^J dtxe^d^dpAv, (16) 

which is the same with (pQ) for 9 = ±1. 

It is possible to construct (|15p in terms of the procedure outlined in Section [2j For this purpose 
let us introduce the neutral fermions denoted ipA] A = 1, 2, • • • ,6 and define the Lagrangian density 





4>i 


H^ + ^AOL-^K 1 ^ 


+ W 


— m 


ipl 


+ 




i^d p + h(l + n 5 )a^(F pu 




— m 




+ 


i>3 


i^d p + \p(l-rf)<j^{F pu 




— m 


4>3 


+ 


$4 


i^d p + \f3(l + rf)a^{F pu 




— m 


Ipi 


+ 




^ t + iA(l-i 7 V"U- 


+ W 


— m 


^5 
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$6 
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— m 
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where f^ u = d p a u — d u a^. Now, we can integrate out each ipA, i>A neutral fermion degrees of freedom 
following the procedure of Section [2J Obviously, at the one loop level integrals are divergent which 
can be expressed in the low energy limit as 1(0) which is defined in (llip . The bare coupling constants 
A and (5 can be renormalized to define the finite constants A F and C F as 

Zm 2 A 2 /(0) = A F , Zm 2 /3 2 /(0) = C F . 

Then, we can write the low energy effective action as 

S[A, b,a} = J d A x {A F [e^d^bpv + e^d^a u b pa ] + C F e^° d^A v d p a a } . (17) 

As usual the renormalized quantities should be fixed by some additional conditions. We can choose 
A F = 1/2-7T and C F = ±e 2 /87r, so that (fTT|) yields the BF theory described by (fl5j) . up to surface 
terms. Obviously, integrating out first then a M fields leads to the action (fT6|) . 

4 Discussions 

We constructed in the low energy limit, the effective action of 3 + 1 dimensional topological insulators 
(fT2j) . by integrating out the neutral Dirac particles described by the Lagrangian density ([5]). We 
assume that the neutral fermions are formed as excitations of the original physical particles which are 
electrons or partons. Our procedure of calculating the effective topological field theory f)12|) does not 
refer to the origin of the neutral fermions. The original physical particles establish the features of the 
space-time manifold on which the effective topological field theory is defined. Then, according to the 
quantization conditions like (fT3j) and (fill) , the value of the physical coupling constant 9 F should be 
chosen. 

Interchanging Abelian field strengths with non-Abelian ones in the Lagrangian density ([5]) will 
not alter the construction of the low energy effective action (|12p presented in Section [2j Therefore, 
our procedure is also valid for non-Abelian gauge fields. In this case, quantization condition of the 
effective action will be changed [i7j, so that the renormalized coefficient 9 F should be appropriately 
chosen. 

Although, mechanism of constructing neutral fermions from the original ones is an open issue, our 
procedure indicates that different kind of topological insulators can be studied in a unified manner. 
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